CONVEX-TRANSITIVE CHARACTERIZATIONS OF HILBERT 
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Abstract. In this paper we investigate real convex-transitive Banach spaces 
X, which admit a 1-dimensional bicontractive projection P on X. Various 
mild conditions regarding the weak topology and the geometry of the norm 
are provided, which guarantee that such an X is in fact isometrically a Hilbert 
space. The results obtained here can be regarded as partial answers to the well- 
known Banach-Mazur rotation problem, as well as to a question posed by B. 
Randrianantoanina in 2002 about convex-transitive spaces. 



1. Introduction 

This work draws its motivation from the Banach-Mazur rotation problem, which 
was aheady formulated in Banach's book [51 p. 242]. We denote by X real Banach 
spaces, by Bx the closed unit ball of X and by Sx the unit sphere of X. The 
orbit of a; under the group of rotations Qx — {T\ T G L(X) isometry onto} is given 
by Gxix) = {T{x)\ T £ Qx}- Recall that X is transitive if Qxix) = Sx for aU 
X € Sx, and that X is almost transitive if Gxix) — Sx for all x G Sx- An element 
X e Sx is called a big point if conv(t/x (x)) = Bx and X is convex-transitive if each 
X G Sx is a big point. Clearly Hilbert spaces are transitive. Intuitively speaking, 
the unit ball of a transitive space can be thought of as roundish. The following 
rotation problem remains unanswered: 

(Qbm) Is every separable transitive Banach space X in fact isometrically ? 

Recall that there exists non-separable transitive spaces LP{VI, /i) for 1 < p < oo, see 
[15j . Extensive surveys of the wide body of results generated around the problem 
(Qbm) are found in [3] and [Hj- 

Some partial answers to the rotation problem can be given by imposing a variety 
of additional conditions. In this connection it is natural to require some weak sub- 
stitutes for orthogonality. For instance, each of the following isometric conditions 
(1.1)-(1.3) characterizes Hilbert spaces isometrically: 

(1.1) X is convex-transitive and for some 1 < p < oo, there is a 1-dimensional 
subspace L C X such that X = L (BY , and ||(z, y)\\ ~ IKH^Hl, ||y||v)||^p for all 
z £ L and y gY (see [3,). 

(1.2) X is almost transitive and there is a 1-dimensional subspace L C X such 
that X = L(SY, where \\iz,y)\\x = \\{-z,y)\\x for all z € L, y gY (see 

(1.3) X is almost transitive and there is a 1-dimensional subspace L G X such 
that X = L (B Y , where Y is 1-complemented (see |14)). 
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Note that the preceding conditions about decompositions of orthogonal type 
appear in weakening order. In characterization (1.3) there is, as it turns out (see 
section 1.1), a linear closest point selection P: X ^ L. The question was raised by 
B. Randrianantoanina in [14 whether the characterization (1.3) can be extended 
to the convex-transitive setting: 

(Qr) Are all convex-transitive spaces X which contain a 1-codimensional, 
1- complemented suhspace Y C X in fact isometrically Hilbert spaces? 

In fact, it is not even known if each real convex-transitive Banach space with an 
isometric reflection vector, as in (1.2), is isometrically a Hilbert space. Since the 
decompositions above appear in weakening order, any generalization of (1.3) also 
applies to (1.2) as well. The main part of this paper deals with question (Qr). 

It turns out that the answer to question (Qr) is affirmative in a very wide 
class of spaces. Compared to the original paper [M] a novel approach is required 
to tackle (Qr). In fact, our approach requires some mild assumptions about the 
interplay of the weak topology and the geometry of the norm (in some cases these 
additional assumptions can not be dispensed with). This interplay is termed here 
the weak norm geometry. It involves, roughly speaking, the properties of [Sxi^) 
and is comprised of e.g. weak local uniform rotundity and Gateaux smoothness. 
For related geometric results based on assumptions in terms of the norm topology, 
see [31[5]. 

On the other hand, a suitable control of the weak norm geometry appears to be 
the natural approach in conjunction with the convex-transitivity. This is so because 
control of the norm geometry (in the sense of norm topology) in fact often reduces 
the convex-transitive case to the almost transitive one, see e.g. [H p. 51-54]. 

The following result (Theorem 15. 3p related to question (Qr) is essential here: 
Suppose that X is a convex-transitive Banach space, which admits a LUR point 
X G Sx- Assume further that X admits a 1-dimensional bicontractive projection 
P: X ^ L. Then X is isometrically a Hilbert space. 

Theorem 13.21 which is another main result, illustrates the fact that if the as- 
sumption about the weak norm geometry is strengthened, then the requirement of 
convex-transitivity of X can be relaxed to one of X admitting a big point. 

This paper is organized as follows. Sections 3 and 5 contain the main results, 
which characterize Hilbert spaces. In section 3 the characterizations are formulated 
in terms of big points and in section 5 by assuming convex-transitivity of the space. 
In Section 2 some common technical components of the subsequent proofs are ex- 
tracted and formulated in rather general form. We apply, roughly speaking, the 
following three main strategies in attacking the problem (Qr). In order to check 
that a given projection P: X ^ [u] has the desired properties (such as bicontrac- 
tiveness) we reconstruct this projection by suitable approximation with operators 
having such properties. Lemma [2.31 makes use of the w*-compactness of Bx* and 
the density of the smooth points y G Sx • This lemma will be a powerful tool for 
approximating 1-dimensional operators by large-dimensional operators. 

In order to apply Lemma 12. 3i which requires smoothness, we will reduce our 
setting (in Theorem 12. 4p to a suitable separable subspace of the given space X. 
This result is proved by applying a back-and-forth type recursion of countable 
length. 
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One common feature of the main results in sections 3 and 5, apart from the 
above mentioned approximation, is that the weak norm geometry acts as a kind of 
glue, which conveys the orbits in close proximity in the sense of the weak topology. 

In section 4 we introduce a concept of atoms for general Banach spaces, which is 
motivated by atoms in Banach lattices. Both these concepts of atoms are included 
in the more general class of isometric reflection vectors. We show that a Banach 
space admitting an atom, which is simultaneously a big point, is in fact isometrically 
f(r) for a suitable set T. 

Finally, we point out that the characterization (1.3) has been recently extended 
to an almost isometric setting in 17]. 

1.1. Preliminaries. In what follows X is a real Banach space and X* is its dual 
space. The weak topology of X and the weak-star topology of X* are denoted 
by oj and by uj* , respectively. Here N = {1, 2, 3, . . .} but G ujq, the first infinite 
ordinal. 

We denote by L{X, Y) the space of continuous linear operators T : X ^ Y and 
L{X) — L{X, X) for short. An isomorphism T G L{X) is called an automorphism, 
denoted T G Aut(X). If T G Aut(X) is an isometry then we say that T is a rotation. 
We denote hy Q ^ Qx = {T: X X \ T is a, rotation} the group of rotations of 
X. The composition of the maps acts as the group operation and the identity map 
\: X X is the neutral element. 

Recall that a point x G Sx is weakly exposed (in Bx) by / G Sx* if for each 
sequence {xn) C Bx such that f{xn) 1 as n — ^ oo it holds that Xn — — > x as 
n oo. Denote the weakly exposed points in Bx by cj— exp(Bx)- If r is a given 
locally convex topology on X then x G Sx is said to be r-LUR (short for locally 
uniformly rotund) if for any sequence (xn) C Bx such that ||a;-|-a;„||— >2asn— >c>o 
it holds that Xn — -> a; as n — > oo. A space X is called t-LUR if each point x G Sx 
is r-LUR. An open slice has the form Sf^a — {x e Bx|/(2^) > ct}, where / G X* 
and a G M. We will frequently apply the following classical results (see |9i p.96,92]). 

Lemma 1.1 (Smulyan). The following conditions (1.4)-(1.6) are equivalent for 
any Banach space X : 

(1.4) The norm \ \ ■ \ \ of X is Gateaux smooth at x E Sx 

(1.5) For all (/„), (Sn) ^ Sx* such that lim„^oo /n(a;) = lim„^oo 5n(a^) = 1 
holds that /„ — g^ as n ^ oo. 

(1.6) There is unique f G Sx* such that f{x) = 1. 

Theorem 1.2 ((Mazur)). Let X be a separable Banach space. Then the set of 
Gateaux smooth points x G Sx *s a dense Gg-set ofSx. 

Observe that if x G Sx is smooth and / G Sx* satisfies f{x) — 1 then the family 

(1.7) {g G Bx* \g{x) > 1 - -} C Bx* , neN 

n 

defines a a'*-neighbourhood basis for / relative to {Bx* , t^*)- Indeed, let U C Bx* 
be a Ci;*-open neighbourhood for /. Then there is /c G N such that {g G Bx* \g{x) > 
1 — i} C t/ for all n > k. In fact, otherwise one could pick a subsequence (nj)/ C 
N together with gi G {g G Bx*|5(2:) > 1 - \ ?7 for / G N. On the other 

hand, according to the Smulyan lemma gi f as I oo. Since U is an open 
neighbourhood of / this contradicts the fact that {gi\l G M} fl t/ = 0. 
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Next we will mention some facts about the closest point projections and Flinn 
pairs, which are the essential concepts in this article together with the transitivity 
conditions. In what follows we let f ® x: X [x] be the mapping y i — > f{y)x, 
where f € X* , x e X. Following [lOj and [M] we caU (xj) e Sx x X* a Flinn 
pair if ||I — / — 1. In such a case the x above is called a Flinn element. Hence 
Randrianantoanina's question (Qr) from the introduction involves the existence of 
Flinn elements in the convex-transitive setting. See |.14j for connections between 
Flinn pairs and numerically positive operators and |13| for related results. 

As an example, consider a linear projection P: X — > [x], which is an isometric 
reflection projection, that is, 2P — I G Gx- Then it is easy to see that P = f ® x 
for some Flinn pair (x, /) G Sx x Sx*. 

Recall that for a subset A C X a map Pa : X — > A is called a closest point 
selection if dist(x,^) = — Pa(x)|| for all x G X. In [1] Lemma 13.1] it is pointed 
out that for a closed linear subspace A d X a. linear projection Pa : X ^ A is a 
closest point selection if and only if ||I — Pa\\ = 1. Consequently {x,f ) is a Flinn 
pair if and only if / ® a; is a linear closest point selection to [x\. In other words, 
Flinn elements x are exactly those points of Sx for which there exists a linear 
closest point selection Pj^,] : X ^ [x]. This allows us to use the terminology '(x, /) 
is a Flinn pair' and ^ f ® x \s & closest point selection' interchangeably. 

The following characterization of Hilbert spaces will be applied frequently, (see 
[D p.108]). 

Proposition 1.3. A Banach space X, dim(JC) > 3, is isometrically a Hilbert 
space if and only if for each \- dimensional subspace L <Z X there exists a linear 
projection P: X ^ L such that ||I — P|| = 1. 

In the attempts to answer the question (Qr) we will often assume additionally 
that above 1|P|| = 1. One can argue that this is not too restrictive an assumption, 
since any orthogonal projection P: H —^ [x], or more generally, any isometric 
reflection projection P: X ^ [x] satisfies ||P|| = ||I — P|| = 1. In this event P is 
called a bicontractive projection. 

2. Machinery 

The following lemma might be known in some form but a proof is included here 
for convenience. 

Lemma 2.1. Let X be a Banach space. Assume that g G Sx* is a support func- 
tional of x d Sx- If the sequence (xn) C Bx satisfies x G conv({a;„|n G N}), 
then: 

(i) For each e > it holds that x G conv({x„|(7(a;„) > 1 — e}). 

(ii) There are finite sets Ki C N, I £ N, such that for each I G N 
mf{g{xn)\n G Ki} > 1 — j and dist(a;, conv({2;„|n G Ki})) < j. 

(iii) There is a sequence (yj) C {a;„|n G N} such that g{yj) — > 1 as j — > cx) and 
X G conv({2/j \j > I}) for each I G N. 

Proof. We first prove the main claim (i). Fix e > 0. Let {cit^)n G S^i n cqq be a 
sequence of non-negative convex coefficients for each fc G N such that 2_,„ c„ 'x^ ^ x 
as fc -> oo. Write pP = 'En:g{x„)>i-e C"*"^ and Qi'''> = 1 - Pi''' for fc G N. Then 

(9 ^\ \^ J'^^'rr — p(fc) ^.i:8(x„)>l-^. '^1'°'^" I ^(fc) £],^:^(x„)<l-. 
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where we apply the convention § = 0. Observe that above 

(fc) (k) 
-T^Xn and 2^ T^fc)"^" 

n:g(a:„)<l-e '^'^ n:g(x„)>l-e 

are members of conv({a;„|n G N}) for all A; G N. Note that 

Q(fe)(l _ ,) + > ^ ci')g{x,,) = 5(E ^^») 5(2^) - 1. 

n n 

Since Q^''^ + Pi*"^ = 1 for all A; G N, we obtain that Q^''^ ^ as fc oo. 

Hence we obtain that the norm of the second term in (|2.ip tends to as fc goes 
to infinity. Consequently 



n:g{xn)>l-e 



as fc ^ oo. This means that a; G conv{{xn\g{xn) > 1 — e}), which is claim (i). By 
applying this case it is then easy to select suitable indices for the claims (ii)-(iii). □ 

We would like to highlight the following case, which will subsequently become 
relevant. Suppose that {{c^^)n\k G N} C S^i^ n cqo, (V^t) is a topological vector 
space, X V and (a;„) C is a sequence. Let us consider the case that 

(2.2) lim V cl^'^ = 1 whenever U CV is a r— open neighbourhood of x. 

k^oo ^ — ^ 

The following condition is a reformulation of (|2.2p : Whenever (Uj) C V is a. se- 
quence of T-open neighbourhoods of x, then there exists a non-decreasing map 
a : N ^ N such that 

(2.3) lim a{i) = oo and lim V 4^'^ = 1. 
In fact, put 

a{i) = max i a G N|a < i and ^ cj^^ < 2""+^ for aU fc > 

Observe that a{i) is defined for all i G N since 2""+"'^ = 1 for a = 1. Since the 
condition on the right hand side weakens as i increases, we obtain that a{i) is 
non-decreasing. If linii^oo ct(i) — m < oo, then 



lim sup 22 ci''^>2"'". 



which contradicts ()2.2p . since Pl^xm+i ^ r-opcn neighbourhood of x. 
Lemma 2.2. Let X be a Banach space, {Tj)j C Gx and x,y,z G X. Then 
dist{y,conv{{Tj {z)\j = 1, . . ■,n})) < dist(?/, conv({rj(a;)|j = 1, . . .,n})) -I- ||x - z||. 
Alternatively, if {cn)n £ Hcoo, then 

\\y - ^c„T„(z)|| < \\y - ^c„T„(a;)|| + ||.t - z\\. 
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Proof. We obtain 

\\y - ^CnTn{z)\\ < \\y -^CnTn{x)\\ + \\^Cn{Tn{x) -r„(z))||, 

n 71 n 

where 1 1 1]„ c„ (r„ (x) -T„(z))|| < I]„ c„||r„(a; - z)|| = □ 

The fohowing lemma is the main technical tool applied below in the main the- 
orems, for example in Theorem 13.21 It seems likely that it could have further 
applications combined with Theorem 12.41 and the techniques used in the proofs of 
Theorems E21 and O 

Lemma 2.3. Let X be a Banach space and let (a;„,/„) G Sx x Sx*, n G N, be 
pairs such that — 1 for each n. Assume that {y,g) G Sx x Sx* satisfies 

g{y) — 1 and y is a smooth point. Let {{c^^)n\k G N} C S^i^ n cqq be such that 

(i) En C'n^Xn V aS k ^ OO , 

(ii) Y^n^n^ f'-^iv) ^1 as k ^ oo. 
Then 

Pk = ^ ci^\fn (Xi Xn g (g) y as k ^ oo, 

n 

and there is {(c?l'^)„|Z G N} C S^i^ n Cqo such that 

5"; = ^ dl'^'' fn <S) Xn g (g) y sls I ^ oo. 

n 

Moreover, if in addition (a;„, /„) are Flinn pairs for each n G N, then (y, g) is also 
one. 

Proof. Clearly the operators Pk'. X ^ X are linear and 

ll^/c|| = Il5]c«/„®x„|| <^cW||/„®a:„|| = 1. 

n n 

By assumption (ii) we have limfe^oo cl'''' (1 — fn{y)) = and we obtain similarly 
as in (P?T|) that 

(2.4) c^'^) — > as A: ^ oo for aU e > 0. 

Thus according to (|2.3p there exists a sequence {lk)keN C N such that If^ oo 
as /c — > oo and 

(2.5) ^ c(f) ^1 as fc ^ cxj. 

":A(y)>i-77 

According to the remark related to p.7|) we obtain that 

(2.6) Q/ieBx-IMy) > 1-^}) c(Bx*,c^*) 

is a neighbourhood basis for g, that is, for each w*-open neighbourhood U C Bx* 
of g there is k such that {h G Bx* |^(y) > 1 — j^} C t/. By taking into account (|2.5p 
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we obtain that linifc^oo En / gc/ '^"^^ ~ ^ ^'^^ CL;*-open neighbourhood U C Bx* 
of g. In particular, since fn ® Xn — g ® Xn = {fn — g) ® Xn we have 

lim V c(f ) = for all w £ X and e > 0. 

n:|(/n-s)(i')l>e 

Thus we obtain 



C):^'{fn®Xn{v) -g®Xn{v))\ \ < ^ ^ 1 1 (/» ® (") " ® Xn){v) 



as fc — > oo for all w G X. This means that 

(2.7) SOT- lim y (/„ x„ - g x„) = 

i-— >oo — ^ 



and by assumption (i) we obtain 

(2.8) WOT- lim y cW(g®a;„) =5® (w- lim y"4^^Xn)=g®y. 

n n 

We conclude that Pk = J2n '^'n'^ fn ® Xn "^^^ g i^y as k ^ oo, which completes the 
first part of the lemma. 

Since Pk{y) — — *■ ?/ in X as /c — > oo we get by an application of Mazur's classical 
theorem that there is a sequence (5;) C L{X) (depending on the fixed y) such that 

5; e conv({Pfc|fc > I}) for each I e N and Si{y) y aa I oo. Write Si as 
a finite convex combination Si ~ J2k>i '^i'^-^fc' where {(e^''')fc|/ e N} C S^i^ fl cqo 
are the corresponding coefficients. Now for each z £ Kei{g) it holds by (|2.7p that 

Pkiz) as fc ^ OO. It follows that SOT— limj^oo Si = g ® y. Indeed, write 
w G X as w = ay + z, where z 6 Ker((7) and a £ M. Then Si{v) = Si{ay) + Si{z), 
where Si{ay) — *■ ay as Z — > oo and 

= \\J2e^k^P,{z)\\ < y 4')l|P,(z)|| ^ as Z 

k>l k>l 

Hence SOT— limj^oo 5*; = g ®y and the corresponding convex weig hts Sa^ > are 
given by dn^ = X]fe>i ^fc ^ci''^ for aU n,l eN. 

Finally, if (a;„, /„) are Flinn pairs for each n G N, then we get 



lll-ff^yll < liminf =liniinf II V4"I-'E4'^/"®^»II 

n n 

< liminfyd«||I-/„®x„|| = 1. 

n 

This means that | |I — 5 j/| | = 1 since I — 5 y is a projection and thus (y, g) is a 
Flinn pair. □ 

Recall that the density character of a topological space (T, r) is 

dens(T) = min{K cardinal] there is a dense set A C T such that \A\ = k}. 

Recall that the first infinite cardinal |N| is denoted by — llIq and that for any 
infinite cardinal k it holds that |k x k| = k (see e.g. [51 p. 162]). Consequently 
= K for all n < luq and |A x k| = k, where A 7^ is an ordinal and k > A is an 
infinite cardinal. 
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Separable Banach spaces have very convenient smoothness properties, as demon- 
strated by Theorem 11.21 In proving the main results our strategy is to reduce the 
non-separable case to a separable one, in order to get access to the applications of 
smoothness. The following result is a central tool in this reduction. 

Theorem 2.4. Let X be a Banach space which is convex-transitive with respect 
to a given subgroup of isometrics C Qx, (ind let C C Sx be a given norm- 
dense subset. Assume that A C X is a closed subspace with density character 
dens(A) = K. Then there exists a closed subspace Y d X such that 

(1) AcY 

(2) dens(y') = n 

(3) Y is convex-transitive with respect to the subgroup 
g^^{T\Y\ T e e", T(Y) ^YjcGY 

(4) cnSy = Sy- 

Proof. Clearly Qy above is a subgroup which at least contains the identity element 
Iy- We apply a back- and- forth recursion of length ujq. In this proof we adopt 
set-theoretic notations as in [8J. 

Let C C Sx be the fixed dense set. Since the density character of yl is k and C is 
dense in Sx we can find a set Co = {xa}Q<a<K C C such that Sa C Co. Indeed, let 
{ya}a<a<K C be a dense set. For each a there is a a sequence {y^^)n<ujo C C 
such that yi"-* ^ as n — > oo. Thus Co — {?/i"''|0 < a < k, n < loq} C C satisfies 

(2.9) SaCQ; 

As |Co| — \k X uJo\ — K we may reindex Co — {a;Q}o<Q<K. 

Since the given subgroup C/" makes X convex-transitive there exists a set of 
rotations 

(2.10) {Ti%Ja, 13 < n, n< too} CG'' 

of cardinality at most \k x k x luq\ — k such that for each a and (3 it holds that 

(2.11) Xf3 e conv({Tl°J_„(x„)|n < a>o}). 

Note that this condition also yields that for each a e Co it holds that 

(2.12) Ba Cconv(Co) Cconv({r^5„(a)|a,/3 < K, n< ^o}) 
by ([^ . (prrg)) and (P7TT|) . Wc may certainly assume that 

(2.13) Ix e {T^%Ja, l3<K,n< loq}. 
Set 

Ao = span( U t(°J „(Co)). 

Observe that dens(Ao) = ^ n x n ujq x n\ — n. Set 

So = span(U (r(°)j-i(Ao)) 

and note that dens(i?o) = \ujoXkxkxujoXk\ — k. Fix a dense set {ya}Q<a<K C Sbq- 
We may construct a set Ci = {zt}o<-f<K. C C similarly as we did Co above such 
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that C Ci. There is a family of rotations {T^^^ „|a, P < k, n < wq} C such 
that for each pair (yayVp) & Ci x Ci, where {a, (3) e k x k, we have 

yp e conv({r^^^ „(y„)|7i < uq}) 

by the convex-transitivity of X with respect to Q'^. Set 

Ai =span(|J{r^^^ „(Ci)|a, < A: < 1; n < wo}), 

Bi - simn(|J{T^5,n'(^i)l"'/3 < < /c < 1; n < ujo}). 

Similarly as above the obtained spaces Ai and Bi have density characters \ k^xllJq \ — 
K. Note that Aq (Z Bq C Ai C Bi by ([^3^ . 

We proceed the construction recursively in multiple phases as follows. Suppose 
that we have obtained the following for some j < ujo and all m G {0, . . . , j}: 

(i) a subset Cm+i C C such that Ss„, C Cm+i and |Cm+i| = fc, 

(ii) {r^X"^!"'/^ ^ " < ^o} C go such that 

Cm+i C conv({T^X^^(z)|a,/3 < k, n < ujq}) for each z e C^+i, 

(iii) A,„+i = span(U{T^3,«(C'n+i)|a>/5 < 0</c<m + l; n< wo}), 

(iv) = span(U{(T^5.n)"'(^"+i)l"'/3 ^'^^ 0<fc<m+l; n< cjq}), 
where the sets Cm+i, Am+i, Bm+i have density character n. 

Similarly as in (|2.9p we can construct 

(v) Cj+2 C C such that Sb^.^^ C and |Cj+2| — k. 

For the set Cj+2 obtained we can find similarly as in (|2.10p and (|2.12p a subset of 
rotations 

(vi) {^ifSl"''^ - ^' n<ujo}cg° such that 

Cj+2 C conv({T^-^^^^-'(z)|Q;,/3 < k, ?i< t^o}) for each z e Cj+2. 
Next we put 

(vii) Aj+2 = span(U{T^5,"(Cj+2)|a,/3 < «; < A; < j + 2; n< uo}) 

(viii) B,+2 = span(U{(li5,„)-^(A,+2)|a,/3 < At; < fc < j + 2; n < c^o}). 

By the induction hypothesis dens(i3j-|-i) — k. Thus, the definition of Aj^2 and 
Bj+2 gives that dens(Aj+2) = dens(i?j-|-2) = x ujq x {j + 1)| = k similarly as 
above. This completes the recursive construction. 

Let y = Um<wo Since A„i has density character k for all to < o^o we have 
that Y has density character IkxwqI — n also. We aim to show that T^''^^ „(^) — ^ 
for all a,f3 < K and k,n < ujo- By the construction the above family of rotations 
{'^aXn^°'-0'-^ ^ g^'^™ i + 1 < Wo satisfies 

(2.14) Bb, C conv(C,+i) C conv({r^Xj(a)|a, /3 < n < uo}) 

for each a £ S^^ since S^^. C Cj+i. The facts (I2.13P and (|2.14p give the chain of 
inclusions 

Sa c Co c Sao c Sbo c Ci c S^i c Sb^ c C2 c S^a c S^^ c C3 c . . . 
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Note that from the construction of the subspaces Aq^Ai,... and i3o, ^i, • ■ • it follows 
for each m < ujq and j < m that 

Consequently 

U ^ U ^™ (tS,j-i( u An) c u A„ 

for all a^f5 < n and n^k < ujq. Hence ^a,/3,n(U7n<u;o 

A™) = u 

a, 13 < K and n,k < ujq. By the uniform continuity of T"^*^^ and (T'^''^ n)~^ may 
extend 

m<ciJo m<ciJo 

and similarly 

(T^^Lr'iY) - (T^lJ-'i [j A^)= [j A^=Y 

m<cJo m<cJo 

for all a, (3 < K and n,k < ujq. 
So far we have established that 

is some set of rotations of Y. Consider the subgroup 

= {T^Y eGylTeg" and T{Y) = Y}dT. 

Let e > and take two arbitrary points x,y ^ Sy- Then there is m < ujq such 
that dist(x, S^^J < | and dist(j/, S^i^) < |, since {J^^^^^^ Sa„ is dense in Sy- Fix 
a, G Sji^ such that — a|| < | and ||y — &|| < |. Note that for a e it holds 
that 

(2.15) Ba„ C conv({r(a)|r e J'^}). 

By applying Lemma 1^?^ we get b £ coTw{Qy{x)) + |Bv, so that 



e e 



dist(y,conv(g^(.T))) < dist(6, conv(g^(a;))) + Hy - &|| < - + 



e. 



2 2 

Since e > was arbitrary we conclude that y e conv(^y (x)), so that y is a convex- 
transitive space with respect to Qy- Finally, C n = Sy, since Um<wo ~ 
Sy- ° □ 

Remark 2.5. In fact, an analogous result holds also in the almost transitive setting 
with a straight-forward modification of the above proof. This result should be 
compared to [H Thm. 2.24] courtesy of Cabello ^. 

Recall that for each separable X there is an isometric embedding X ^ £°° ^ 
L°°(0,1). We obtain the following consequence by applying Theorem 12.41 to the 
convex-transitive space L°°(0, 1). (Note that is not convex-transitive.) 

Corollary 2.6. For each separable Banach space X there exists a separable Banach 
space Y such that X gY G L°°{Q, 1) isometrically (up to suitable identifications) 
and such that Y is convex-transitive with respect to C/* = {T\y\ T G Gl°°, T(Y) = 
Y}- 
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3. Big points and Flinn elements 

Related to question (Qr) one could ask if the mere existence of a big point 
u £ Sx, which is simultaneously a Flinn element, in fact guarantees that X is 
isometrically a Hilbert space. This is not the case, as the following example shows: 

Example 3.1. In the canonical unit vectors e„ are simultaneously big points 
and Flinn elements, since ±ej G G{en) for j G N, where B^i = conv({±ej \j e N}) 
and (e„,e*) £ S^i x Sfoo are Flinn pairs. 

However, it turns out that if X meets certain (mild) geometric conditions, then 
this kind of characterization does actually hold. In this section we will give such 
sufficient conditions. 

Theorem 3.2. Let X be a Banach space such that there exists a hicontractive 
projection P: X ^ [u], where u G Sx is a big point. Assume additionally that one 
of the following conditions hold: 

(a) For every sequence (a;„) C Bx such that ||u + x„|| 2 as n —> oo it holds 
that P{xn) ^ u as n ^ oo. 

(b) The dual X* is to* -LUR. 
Then X is in fact a Hilbert space. 

Proof. We write P = f ® u, where (m, /) G Sx x Sx* is a Flinn pair. Let A (Z X 
be a 3-dimensional subspace and fix a G S^i. By Proposition II. 31 it suffices to show 
that (a, g) is a Flinn pair for some suitable g G S^. . 

We begin by constructing a separable subspace Y containing A such that for the 
orbit Qx{u) of the big point u it holds that cmw{Qx{u)) fl Sy = Sy. 

Put Ai = A. Since Ai is separable, we may approximate Sai by countably 
many elements coming from couv{Qx{u)) as u is a big point in X. Indeed, take 
a countable dense family {ajjjgN C Sai and select for each j G N a sequence 
G N} c Qx{u) such that flj G coTN{{y[^\l G N}). Thus there exists a set 

{zi^'^^'ln G N} = {yp''|^, j G N} C Gx{u) such that B^i is contained in convjzi"'"-' |n G 
N}, a closed convex set containing S^^. 

Put A2 = spandzi^-* \n G N}) and note that this is again a separable subspace of 
X. We proceed recursively: For any fc G N the space Ak+i — spaS({zi'^^ |n G N}) 
is separable. Since m is a big point in X, there exists a countable set {zi'^^^'ln G 

N} C Gxiu) such that Ba^+i C conv({zi''+^V e N}. 

Now let Ai C A2 C ^3 C . . . be the resulting sequence of subspaces. Put 

Y =[jAk^ span{4''V, k G N}. 

fcGN 

The latter equality holds because each y &Y can be approximated by a sequence 
(yfc) C Y such that yt G Ak for each A: G N. Since IJfeeN ^^fc dense in Sy we get 

By = conv{4'=)|n,fc e N}. 
Note that Y is separable by construction. After this stage we will work mainly in 
the space Y. 

By Mazur's theorem (Thm. II. 2p the set of smooth points of Sy relative to Y is 
dense. Let x G Sy be a smooth point. We claim that a; is a Flinn element in Y . 
Let go G Sy* be the unique supporting functional for x gY. 
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Fix a sequence {xm) C fc G N} such that x £ conv{a::m|m G N}. By the 

construction of the set {z'^t^\n,k G N} there is a sequence {Tm)m C tJx such that 
Tm[u) = x^ for m G N. Put /„ = / o T"! G X* for each m G N. 

There exists by Lemma 12.11 a sequence of finite subsets /fc C N such that 



(3.1) sup |1 — g{){xm)\ ^ as k ^ oo, 

m£lk 

(3.2) dist{x,conY{{xm\'m- G Ik})) — > as fc — > c». 
Put hm = fm \Y ^ ■ Let (gfc) C By bc an arbitrary sequence such that 



Cfc G {hm\m G Ik} for each A: G N. At this stage we proceed by applying the 
parallel assumptions (a) and (6) separately. 

By applying p.ip together with the fact that 50(2^) = 1 1.90 1 1 = 1 we obtain 

sup (2 - llx + x^ll) < sup (2 - .go(a; + a;„J) = sup (1 - 5o(a:^m)) ^ 

mS/fc niG/fc rriGlk 

as A; ^ 00. Note that 

Thus sup^gj^(2 — ||w + 2^m"'"(2^)l I) ^ as fc 00. This yields that sup„jgj^(l — 
/(T,^^(a;))) ^ as A: ^ 00. Indeed, if this were not the case then one could fix a 
sequence {mk)k&i such that nik S Ik for each fc G N and /(T',^^(a;)) 7^ 1 as fc — > cx). 
But this is a contradiction since assumption (a) yields that 

= f{PiT-.lim + /((I - /(") - 1- 

Hence we have obtained that sup„gj^(l — fm{x)) — > as A; — > 00. Recall that x 
is smooth in Sy and note that ek{x) 1. Thus we have by the Smulyan lemma 

p.ip that efc go hi y* as A; — > 00. 

Under assumption (6) analogous facts can be obtained as follows. Let (m^) C N 
be a sequence such that \y = Ck- But /m^.(x„J = /(T^^H^^mJ) = /(") = 1 
by the construction for each k, while on the other hand go{xmk) ^ 1 as A: — > 00 by 
the construction of the sets Ik- Under the (6)-assumption X* was assumed to be 
Ci;*-LUR, and thus the condition 

ll/mfe +5oll > frriki^mj + 9o{x,nJ ^ 2 0,5 k ^ OO 

gives that f„i^. \y go iii Here the w*-LUR property is inherited by Y* . 
We conclude that under both the assumptions (a) and (b) for any sequence 

(cfc) C By such that Ck G {h,n\m G Ik} for each A; G N one has that go in 

Y* as A; — > oo. Since (e^) was arbitrary it must hold that 

sup \hrn{y) - 9o{y)\^0 

for each y G I' as A; ^ oo. 

Let us sum up the properties of [Ik) obtained here. By the construction of the 
sequence (Ik) there are {c£^)m £ S^i^ n coo for A; G N such that 

(3.3) c)^Xm a; as A: — > oo. 

mS/fc 
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For each y G 1^ it holds that 

(3.4) 4^'^\hm{y) - go{y)\ < sup \h,n{y) - go{y)\ c^^'^ ^ as fc ^ oo. 

rnelk m£lk 

The convex combinations above in (|3.3[) are given by (|3.2p . 

Note that {x„i, h„i) G Sy x Sy are FHnn pairs relative to Y for rn G N. Indeed, 

\\Iy - hm ® Xm\\L(Y) < l|I ^ fm ® a;,„||i(x) = ||I " (/ O Tm^) ® Trr,{tl)\\L(X) 

= ||(T™ o T„i) - o (/ J.) o T„i|U(x) = ||T,„ o [Ix -f®u)o r,;i|U(x) = 1, 

since (w, /) is a Flinn pair for X . Now by (|3.3p . (|3.4p and Lemma [2T3l we get that 
(a;,(7o) is a Flinn pair relative to Y. 

Since the smooth point x G Sy belongs to a dense set we may apply the fact 
due to Kalton and Randrianantoanina that the set of Flinn elements is closed, see 
[lOl Prop. 3.1]. As a consequence we get that each point in Sv is actually a Flinn 
element relative io Y . In particular a G is a Flinn element relative to A and 
this completes the proof. □ 

It turns out in the following variation of the previous result that the w-LUR 
property of X provides suitable control of the geometry, so that something more 
can be said. In [17j almost isometric versions (in the sense of the Banach-Mazur 
distance) of the existence of a Flinn element and almost transitivity were studied. 
Here we apply an assumption regarding an orthogonal-like decomposition of almost 
isometric nature, instead of assuming the existence of a Flinn element. 

Theorem 3.3. Let X be a oj-LUR Banach space. Assume that the following con- 
ditions hold: 

(i) There exists a big point u G Sx • 

(ii) For each e > there exists a 1-codimensional, (l+e)- complemented subspace 
Z, C X. 

Then X is a Hilbert space. 

Proof. Let A C X he a 3-dimensional subspace and let a G S^i be arbitrary. It 
suffices as above to show that {a,g) is a Flinn pair for some suitable g G A* . 

By the assumption (ii) there are pairs {fk,Vk) & X* x X for fc G N such that 
/fc(wfc) = 1 and 

(3.5) < 1 + p \\fk®Vk\\<2+^ 

for all k G N, so that we may normalize such that Vk G Sx aud fk G 3Bx* . Let 
Sa G Sx* be a support functional for a. 

Under the w-LUR assumption m is a big point if and only if for each x G Sx there 
exists a sequence (m„) C G{u) such that m„ a; as n — > c». Indeed, if /i G Sx* is 
a support functional for x, then 

(3.6) 1 = h{x) G /i(conv(G(u))) C com {h{G{u))), 

so that sup^gg(„-) ||x + z|| > sup^gg(„') h{x + z) = 2. Thus one can select a sequence 
(un) C G(u) such that ||a; + -^2 as n — > cxd. Under the w-LUR assumption on 
X this means that u„ x as n — ^ oo. On the other hand, if (t/„) C G{u) is such 
that y„ a; as n ^ oo then Mazur's theorem yields that x G conv({y„[7i G N}). 
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Since u is a big point there exist families {Si}i£n, {Ti^k}{i,k)&'i^ C G such that 
the families {ajj = iSi{u))i, i G N, and {uf}(^,^k) = {7i,fe(w)}(vfe) , (hk) G N x iV, 
satisfy that a and as i ^ oo for each fc G N. This means that 

I |a + ai 1 1 2 and | + u*^ 1 1 — > 2 as i ^ oo for each fc G N. 

Let 5 G Sx* be a support functional of u. Let {wf = {^i fe^(''^fc)}(i,fc) ■ Then 

\H + "II - l|r,:fe K- + u,^)|| = ||«fe + ?/,^|| -> 2 as i ^ TO 

and hence g{vf) ^ 1 as i ^ oo for all fc G N according to the w-LUR assumption. 
Similarly we have for {bi)i — {S^^{a))i, i G N, that g{bi) ^ 1 as i ^ oo. This 
means that g{bi + ) 2 as i ^ oo for all fc G N. Thus ||foi + || ^2 as i ^ oo 
for each fc G N. Put 6^.^ = T^^kih) and v.^.^ — ) for all i, fc G N. We obtain 

\\b^,k+Vk\\ = ||T,,fc(6, + t;f)|| = ||fo, +w,f|| ^ 2 as i ^ oo 

and 

\\a + v,^k\\ = \\S^{b, + v^)\\ ^ \\h + vf\\ 2 as i ^ oo. 
Thus we get by the assumption that X is w-LUR that 

(3.7) bj,fc Vk and v^^k ^ a 

as i — i- oo for each fc G N. Put fl = fk o Ti,k ° S~^. We obtain by (|3.7p and the fact 
fk{vk) = 1, fc G N, that fl{a) = /fc(r,,fc(5ri(a))) = fk{T^M) = fk{b^,k) ^ 1 
and ||a + Vi,k\ \ — > 2 as i oo for each fc G N. Hence we may define 

nik — min{j G N|/?,(a) > 1 - y and ||a + tj^ fc|| > 2 - y for aU i > j} 

k ' k 

for each fixed fc G N. Then it holds that 

(3.8) /r'W 1 and ||a + t;™,,fc|| 2 as fc ^ oo. 
Observe that by the cj-LUR condition again 

(3.9) '^mk,k ^ a as fc — > oo. 

Denote Wk = Vmk,k for fc G N. 

Let Y = span({u;fc|fc G N}) + A. Put gk = /"|V e SBv-. for fc G N. Since Y is 
separable we have by Alaoglu's theorem that 3By is metrizable and compact in the 
Ci;*-topology. Thus there exists a subsequence (fc„) such that {gk„) is a;*-convergent 
in 3By . Denote go = w*-lim„_,oo Clearly gQ{a) = 1, since limfc^oo <7fe(a) = 1- 

The fact that Wfe a as fc ^ oo together with Mazur's theorem yields that 
a G cmw{{wk^\h > n}) for each n G N. Thus, there is {{cj'^)j\l G N} C S^i^ fl cqo 

such that X]j>i Cj''' — 1 and the corresponding convex combinations satisfy 
c-^Wkj ^ a and ^ cj'^^fe^. (a) — > 1 as / ^ oo. 

n\ SOT 

As in the proof of Lemma 12.31 we see that Pi ~ c^- gk^ ® Wkj — > g^® a s& 
I ^ oo. Recall that 

gk(Swk = ifk o T„j, o S^,l)\Y ® iSm,T-l^^{vk)) 

and I |I - /fc €5 Wfe 1 1 < 1 + ^ for each fc G N. Thus we get 

||I-5o«'a|| = limsup„^^||I - Pnll = 1 
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as follows. Indeed, by recalling the isomctries involved here we obtain 

||IX - .C'^'^m^MlLiX) - - {fkoT^,oS~l) ® {Sm,T~l,Vk)\\LiX) 

- \\Srn,T^lki^X ~ fk<E)Vk)\\L(X) = I |Ix " /fe Wfe | |l(X) < 1 + ^- 

By using the preceding convex combinations and the facts that lim 
and Y.j>i cf = 1 for all / e N we get 

\\^-Pi\\l{Y) = - Hocfgk, ®Wk^\\L(Y) = \ \Y.jcf{^Y - gk, ®Wk^)\\nY) 

< Ej I \Iy - gk, «) Wk^ < J2j I |IX - ® Vra^^ ,fc^ | |l(x) 

= - /fe. ® ^k,\\ux) < Ej (1 + r-) < 1 + i ^ 1 as ^ ^. 

This means that {a,go\A) G x Sa* is a Flinn pair. Since a e Sx was arbitrary 
we can apply the characterization [1.31 to conclude that X is a Hilbert space. □ 

In fact the argument used in the previous proof gives the following result. 

Proposition 3.4. Let X be a lu-LUR Banach space in which there is a big point 
u G Sx- Then X is already convex-transitive. 

Proof. We will apply suitable parts of the proof of Theorem 13. 31 For instance, here 
one does not require the norm estimates p.Sp . Hence we may substitute without 
loss of generality Vk = x for each A; G N. 

Let x, a G Sx be arbitrary. We claim that a G coirv{Q{x)). Indeed, fix a support 
functional / G Sx* of x. By following the argument of Theorem 13.31 applied to 
(/, x), instead of the sequence {{fk, 'Vk))keTi, one obtains a sequence (u'fc)fceN C G{x) 
such that Wk a as fc — > oo. This yields the claim by Mazur's theorem. □ 

4. Interlude: Atoms and Isometric Reflections 

In the Example 13.11 it was observed that e„ G £^ are simultaneously Flinn ele- 
ments and big points. Hence £^ witnesses the fact that the geometric assumptions 
can not be completely removed in Theorem 13.21 Next one can ask how typical is 
this particular obstruction. 

First we will introduce a concept that to some extent generalizes the notion of 
atoms defined in the Banach lattice setting to the general Banach space setting. 
Recall that for a given Banach lattice {X, <) a point a G X \ {0} is an atom if 
{v € X : < V < \a\} = {X\a\ : < A < 1}. Note that in this event there are no 
disjoint a;,y G {u G X\ < v < \a\}. Recall that the points x,y ^ X are disjoint, 
xLy for short, if |x| A \y\ = 0. We refer to [T2] for definitions and results concerning 
Banach lattices. 

Let X be a Banach space. When 1^ C X is a closed subspace, we say that 
a continuous linear surjective projection P. X 1^ is an isometric reflection 
projection if (I — 2P) G Gx- In this event we say that Y is an isometric reflection 
subspace. 

We say that u G Sx is a strong atom if the following conditions hold: 

(1) [u] is an isometric reflection subspace. 

(2) For all closed subspaces Y C X and all isometric reflection projections 
P: X ^Y either P{u) = u or P{u) = 0. 
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Let US consider some basic examples of strong atoms. This topic will be discussed 
in more detail in |18j . Suppose that X is a cr-complete Banach lattice and u G Sx 
is a strong atom. Then u is an atom also in the classical sense. This can be seen by 
using the existence of suitable band projections provided by the cr-completeness, 
see [T2j p. 8]. For £p, I < p < oo, the canonical unit basis vectors e„ for any 
n G N are strong atoms if p / 2. This is due to the characterization of rotations of 
£P (see e.g. [TTJ 2f.l4]) as isometric reflections are rotations as well. In a Hilbert 
space H, dim(i?) > 2, there are no strong atoms u G Sh- This is seen by fixing a 
suitable orthonormal basis. 

Recall that isometric refiection vectors have been used in characterizing Hilbert 
spaces (see |16]). The next theorem indicates that i^{T) is in some sense a typical 
obstruction for the straightforward generalization of (Qr) to the big point setting. 

Theorem 4.1. Let X be a Banach space, which has a strong atom u £ Sx, which 
is also a big point. Then X — £^{T) isometrically for some set T. 

Proof. Denote A= {z d Sx\z is a strong atom}. Clearly the strong atom property 
is invariant under rotations. Hence if z G G{u) then z £ A and also ~z G A. Since 
u is a big point we have conv(yl) = Bx. Let {zk)k=i C ^ be a linearly independent 
family for some n G N. Denote the corresponding isometric reflection projections 
by Pfc: X — > [zk]. Note that since Zk are strong atoms it follows that {Pk)k^i are 
the 1-dimensional projections associated to the basis {zk)i of P = [zi, . . . , z„]. If 
z G A and fc G {1, . . . , n} are such that Pk{z) ^ 0, then by the definition of a strong 
atom we obtain that Pk{z) = z and in fact that z = Zk- Put T = {{±z}\z G A}. 
Note that 

(4.1) {z G A\z ^ ±Zk, 1 < fc < ?i} C Pi KerPfe. 

l<fc<ra 

It follows that 

(4.2) Sx C conv(conv({±Zfe|l < fc < n}) Uconv({z G A\z ^ ±Zk, 1 < fc < n})) , 

where conv({z G A\z ^ ±Zk, 1 < fc < n}) C rii<fe<n KcrP^ by (|4.ip . We obtain by 
using (|4.ip . a bicontractive projection Pk onto E. A simple argument gives 

that Se C conv({±Zfe|l < fc < n}). 

Fix y G Se- Write y — '^fe-^fe ^ conv({±Zfe|l < fc < n}). Observe 

that above X]fc=i I'^fcl = X]fc=i ll^fc(2/)ll = 1 by the triangle inequality. Hence 
Y^k=i \ \Pk{x)\ \ = 1 for all X G S_E. On the other hand, suppose that x £ E is such 
that X^^^^ ||Pfe(a;)|| = 1. Then G Sb and thus 

INI 

where 11-^^(^)11 — 1' thsit necessarily = 1. Hence we obtain 

n 

Ikll =^||^fe(a;)|| forallxGi;. 

k=l 

Consequently E = isometrically. Moreover, since n and (zfe)" C A were arbitrary 
we obtain that for any linearly independent subset {?/fc}^]^ C A, where m G N it 
holds that span({2/fe}J!Lj) = £^ isometrically. 
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Let us focus on the relationship between the dense subspaces span(^) C X and 
span({e-,.}-,.gr) C ^^(F). Consider a Unear map F: span(^) spande^j^gr) 
given by = [e^] for z G A and 7 — {iz}- We have above actuaUy that 

F is an isometry. There exists a continuous extension F: span(^) — > ^^(r) of F, 
which is also a linear onto isometry. This completes the claim that X and ^"'^(r) 
are mutually isometric. □ 

Consider Banach lattices X and Y. Recall that an operator T: X ^ 1^ is 
said to be disjointness-preserving if T{x) and T(y) are disjoint whenever x,y G X 
are disjoint. Suppose that a given positive measure ^ has an atom and for some 
I < p < 00, p ^ 2, the space L^in) is convex-transitive. Then LP{fi) is actually 
1-dimensional, see f3', Cor. 3. 5]. We generalize this fact in the following result. 

Theorem 4.2. Let X be a convex-transitive Banach lattice such that each rotation 
T G Qx is disjointness-preserving. If there exists an atom x G Sx , then X is in 
fact 1-dimensional. 

Proof. If there is x G Sx, then dim(X) > 1. Assume to the contrary that 
dim(X) > 2. Since each rotation T G Gx is disjointness-preserving we obtain 
that Gxix) consists of atoms. By applying the assumption that x is a big point 
we have that X is purely atomic, that is, there exist pairwise disjoint atoms 
{xj}j,=T C Gx{x) such that span({x-y|7 G F}) = X. Since dim(X) > 2 we have 
F| > 2. Pick disjoint x^^^x^^ G Gx{x), where 71,72 G F. Put yi = -j^ — — ^ and 

V2 = 11 — — TT- Observe that 2/1,2/2 are positive, disjoint and \\yi -I- 2/2 = 1- Put 
2/ = 2/1 + 2/2- Since 2/1 and j/2 are positive we get \\yj\\ < \\y\\ for j = 1, 2. 

Let us check for convenience that there exist band projections Py-^ , Py^ and Px 
onto [2/1], [2/2] and [a;], respectively. Indeed, by the norm continuity of the operation 
V ^ \x\ A \v\ (see e.g. [HJ p.l]) we obtain that x ^ x^ — span({u G X\vLx}). 
Since X is purely atomic, it holds that X = [x\®x^. Note that ||a; — z|| > ||x|| = 1 
whenever z G x^. Thus by the Hahn-Banach theorem there is / G X* such 
that Ker(/) = x^ and = ||/|| = ||x|| = 1. Hence P^ ^ f ® \x\ is the 

claimed projection. Similarly we obtain band projections Py-^ and Py^. Clearly 

11^^.11 = ll^,JI = ll^,JI = l- 

Since the rotations T G Gx preserve atoms, we obtain that Py^ (v) = or 
(I — Pyi){v) — holds for each v G Gx{x). Since 2/1 -L 2/2, we obtain in partic- 
ular that min(||Pyj(ti)||, ||Py2('(;)||) — for all v G Gx{x). On the other hand, 
max(||Pj,,(w)||,||Pj,,(w)||) < 1 for G Gxix) as \\Py,\\ = ||Pj,,|| = ||w|| = 1. Conse- 
quently, it follows for the convex combinations that 

(4.3) \\Py^iz)\\ + \\PyAz)\\<h for all z G conv(^x (x)). 

Next we will apply the following facts: 2/1 = Pyiivi) 7^ 7^ -^1/2(2/2) = V2, V = 
2/1+2/2 G cow{G{x)) as a; is a big point and a + 6 = min(a,6) + max(a, 6) for 
a, 5 G M. By (14. 3p applied for z = 2/ we get 

max(||2/i||, ||2/2||) = max(||Pj,, (2/1 + 2/2)|U|Py2(2/i + y2)||) 
= max(||P,, (2/1)11, ||P,,(2/2)||) < 1 - min(||P,, (2/1)11, ||P,,(2/2)||) < 1- 

Recall that y \s a, big point, since X is convex-transitive. Since all T G Gx are 
disjointness-preserving and 2/1-L2/2 we get |r(2/i)|-L|r(2/2)|- As x is an atom we get 
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that |T(yi)| A = or \T{y2)\ A \x\ = 0. Hence 

||F.(r(y))|| = max(||P.(T(yi))IUI^.m2/2))||) < maxi\\y,\\,\\y,\\) 

for all T{y) G Gxiv)- Thus ||P.(z)|| < max(||yi||, Hyall) for all z e conv(gx(y)). 
This contradicts the facts that ||Pr(a^)|| = = 1 and x e coTw{Q{y)). □ 

5. The Convex-transitive case 

The following two theorems are the main results of this article. It turns out below 
that rather weak geometric conditions guarantee that a convex-transitive space, 
which in addition admits a 1-dimensional bicontractive projection, is isometrically 
a Hilbert space. 

The duality mapping is denoted by J: Sx 'P{Sx')- This is the set- valued 
mapping defined by 

J{x) - {/ e Sx* \f{x) = 1}, for X e Sx. 

Recall that for topological spaces X, Y and a point x ^ X the set-valued map 
f: X ^ ViY) is called upper semi- continuous (u.s.c.) at x if for each open set 
V CY, which contains f{x), there exists an open neighbourhood U C X oi x such 
that f{U) C V. 

Theorem 5.1. Let X be a convex-transitive Banach space with a bicontractive 
projection P : X ^ [u], where u £ Sx- Consider u € Sx C Sx** arid assume that 
the following conditions hold: 

(i) w— exp(Bx) C Sx is dense. 

(ii) The set-valued map u o J : (Sx,^^) ^ ^{[—1, 1]) is u.s.c. at u. 
Then X is a Hilbert space. 

Proof. Write P — f (g) u, where (u, /) G Sx x Sx* is a Flinn pair. As in Theorem 
13.21 it suffices to show that for an arbitrary 3-dimensional subspace A C X any 
a; G S^ is a Flinn element relative to A. Let A be such a subspace. 

By applying Theorem l2.4l to A-\- [u] and C ~ a;— exp(Bx) we obtain a separable 
convex-transitive subspace Y C X such that A+ [u] C Y and cj— exp(Bx) H Sy = 
Sy. Note that any point y G a;— exp(Bx) H Sy is a weakly exposed point of By 
in Y. 

One can verify by using the prior equation (j3.6p that for a weakly exposed 
point V G conv(5x(2/)), where y G Sx, there is a sequence {Ti)i C Gx such that 
Ti{y) w as i oo. 

There exists by assumption (ii) tj-open neighbourhoods Vi C Sy of m for / G N 
such that {g{u)\g G J{v)} C (1 — ^^^,1] for each v G Vi. Moreover, observe that 
W; = {w G Vi\f{v) > 1 — l^^} C V; for / G N are w-open neighbourhoods of u. 

Since Y is separable, Mazur's theorem (Thm. II. 2p states that the set of smooth 
points is dense in Sy- Let b G Sy be an arbitrary smooth point. Let (z„) C Sy 
be a sequence of weakly exposed points relative to Y such that ||z„ — &|| ^ as 
n oo. Let (/i„) C Sy be the corresponding weakly exposing functionals. Since 
the weakly exposed points are norm dense in Sy , we may a fortiori pick a sequence 
{yi)i C w— exp(Bx) such that yi G Wi for alH G N and ^ u as i — > cx). 

As Y is convex-transitive, there is a family {Tn^i.k}{n,i.k) Gy such that 

Lo ~ lim Tn^i.k{zn) = Vi for aU n,i G N. 

k — >oo 
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Since — > m as i — > oo we get 

lim Lo — lim Tn^i^k{zn) = u for all n G N. 

i — ^oo k — >QO 

Define A„j ^{{i,k) eNx N|T„,,,fc(z„) e VFJ for each fixed n,l eN. Then 
u e {Tn^t,k(zn)\ {i,k) e Ar.j}'^ for all n,leN. 

Put hn^i^k = h,i o fc for n,i,k e N. 

Observe that for all n, / e N and (i, fc) G yl„^; we get by the definition of Wi that 

(5.1) f\Y{Ta^^AZn)) >^~], 

(5.2) inf w o J(T„^i,fc(z„)) > 1 - y 

for / G N. Let gn,i,k = f\Y ° Tn.i.fc for n,i,k E N. Equation (|5.ip gives that 

(5.3) inf gn i k{zn) 1 as I —>■ oo for each n G N. 

Note that (/i„ o T~^,ATn,t,k{zn) = 1, so that K o T;;;^^,fe e J{Tn,i,k{zn)) for aU 
n, i, fc G N. By (lO]) we obtain 

inf hn{T^l u{u)) — inf ft,„ ^ fe(u) — > 1 as Z ^ cxd for each n G N. 

Fix a family ^eN^ C N'^ such that a„.i G {n} x An.i for all n, Z G N. Since 

hn are weakly exposing functionals for z„ respectively, we get that T^^ ^ [u) z„ 
as Z — > oo for each n G N. Mazur's theorem yields that 

(5.4) z„ G conv({r„^^j(w)|; > j}) for each n, j G N. 

Put Bn,ni = Uz>m{"} ^ ^".i for n, m G N. 

Recall that ||gn,i,fc|| = 1 for n,i,k G N. Hence by (|5.3p we obtain 

(5.5) lim inf gb{b) > lim inf (.g5(z„) - ||z„ - 6||) = 1 - ||z„ - 6|| 

m^cxib£Bn,m "l^OCbEBn.m 

for each n G N. Hence one can fix a sequence (fc„)„gN C N such that 

(5.6) inf 5b(5) > 1 - ||z„ - 6|| - 2"" for all m > fc„, n G N. 

Put Cn = U/>max(n fe„) -^n,' for "^ach n G N. By using (|5.4p we may fix convex 
weights {c%},,^,k e S,^(c„) n coo(C„) such that || Ec„ 4riT;>y") " < 2-" 
for each n G N. We obtain by using lim„^oo Zn = b, (|5.6p and the definition of (C„) 
that 

(5.7) lim ^ c^'^k9,,^.k(b) = l. 

(j,i,fc)ec„ 

The selection of the convex weights c^"'*/j and lim„^oo Zn — b gives that 

(5.8) lim 4ikT^lk(y) = b. 

(i,i,fc)ec„ 
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Properties (15. 7p and ()5.8p allow us to apply Lemma [231 to the sequence of finite 
rank operators given by 

Pn= ^ 4"i,k9j,i.k Tj,i^k{u) for neN. 

Since 6 is a smooth point, we get from Lemma [2.31 that P„ ^ 6* (g) 5 as n ^ oo 
in the weak operator topology in L{Y), where b* G Sy is the unique support 
functional of b. Moreover, since clearly {T~^f.{u), / o Tj,i^k) are Flinn pairs for each 
(j, i, k) e N'^, we obtain further that (6, b*) is a Flinn pair. Finally, by applying the 
Kalton-Randrianantoanina result as in the proof of Theorem 13.21 we complete the 
proof. □ 

One can obtain the following example by an application of Theorem 15.11 

Example 5.2. Let X be a convex-transitive Banach space with a bicontractive 
projection f ® u: X ^ [u], where (/, u) £ Sx* x Sx. If X* is smooth and / is a 
Li;*-LUR point, then X is isometrically a Hilbert space. 

Indeed, each point a; G Sx is weakly exposed, since X* is smooth, (see e.g. 
[19]). On the other hand, by applying the fact that / is a a;*-LUR element, one 
can see that Ju — {/} and J: (Sx,^^) 'P(Sx*,w*) is u.s.c. at u. Note that 
u: (Sx*,w*) — > [—1, 1], g 1-^ g{u) is continuous. It follows that u o J is u.s.c. at u. 

Theorem 5.3. Let X be a convex-transitive Banach space which admits a 1- 
dimensional bicontractive projection P: X —f L. Assume that there is a lu-LUR 
point X e Sx- Then X is a Hilbert space. 

Let us make a brief philosophical remark about the techniques applied in the 
proof of this main result. The key ingredient below is a kind of uniform control of 
the weak topology, (j). This is obtained by using the interplay between the weak 
norm geometry and the rotations. 

Proof. Write P = f ® u: X — s- [u], where (w, /) is a Flinn pair. As in the previous 
proofs it suffices to show that for any 3-dimensional subspace A C X all points 
a e S/i are Flinn elements relative to A. By Theorem 12.41 there is a separable 
convex-transitive subspace Y d X containing A + [x,v]. Mazur's theorem (see 
Thm. 11.21) yields that the set of smooth points in relative to Y is dense. Let 
b G Sy be any smooth point relative to Y . Hence there is unique b* G Sv such 
that b*{b) = 1. 

By using the convex-transitivity of Y and condition (iii) of Lemma 12.11 applied 
to u G conv(C/y (x)), where fiu) = 1, there is a sequence (5*^) C Qy such that 

(5.9) f{Sk{x)) ^ 1 as fc ^ oo, 

(5.10) u G conv( {Sk{x)\k > /} U {Sk{x)\f{Sk{x)) = 1} ) for each / G N. 

Also, by the same argument applied to G conv(CJy (a;)), where b*{h) = 1 we can 
find a sequence (r„) C Qy such that 

(5.11) 6*(r„(a;)) ^ 1 as n -> oo 

(5.12) b G conv({T„(a;)|n >1}\J {Tn{x)\b* {Tn{x)) = 1}) for each I G N. 

Let h G Sy be such that h{x) = 1. Since x is an tj-LUR point, it follows that 
h weakly exposes x. We find weakly exposing functionals for Xk — Sk(x) and 
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Zn ~ Tn{x) by putting hk = h o S*^^ and gn — h o r,^^, respectively, for each 
n,k eN. 

Since b*{zn) = 6*(r„(x)) — > 1 as n — > oo and f{xk) = f{Sk{x)) I as k oo, 
where ||6*|| = ||/|| — 1, we get 

5*(5 + z„) < ||6 + z„|| = \\T-\b)+T-\z,,)\\ = \\T-\b) + x\\ ^ 2 as n ^ ^ 

and 

fiu + Skix)) < \\u + Sk{x)\\ = + ^2as fc^oo, 

where we apphed the convergence of the lower bounds. Since a; is a cj-LUR point, 
we obtain that T^^{b) a; as n — > cxd and Sj^^lu) x as k ^ oo. Thus 

(5.13) h{T^^{b)) ^ 1 as n — > cxo and h{Si^^{u)) — > 1 as n — > oo. 
Put 

(j)t = M{h{T-\b))\n e N satisfies b*{zn) > t} for t e (0, 1). 

Clearly <j>t is non-decreasing with respect to t. If limj^i- <j)t — a, < 1, then a E [0, 1] 
is a cluster point of {h{T~^(b)))n by the definition of (pf Thus, by the sequential 
compactness of [0, 1] there is a subsequence {h{T^^ {b))) j such that h{Tj'^.^{b)) a 
as j —>■ oo. This contradicts (j5.13p . Thus liint_+]^- 0t = 1. 

Since 5^7^ (u) x as k oo, Mazur's classical theorem yields that x £ 
conv{{S^^{u)\k > I}) for each / e N. Recall that /(xfc) ^ 1 as fc — > oo by 
(|5.9p . Hence there is a finite subset Lm C N for each m G N such that the following 
conditions hold: 

(5.14) dist(a;,conv({S'rVw)|fc G Lm})) < — 

TO 

(5.15) f{xk) = f\Y o Sk{x) > 1 - — for fc e i„ 

m 

We claim that for each to G N there is < /3„i < 1 such that the respective slices 
satisfy 

Sh,0^^{yeBY\h{y)>f]ra}c fl 5^os.a-J,= f] {y eBY\foSk{y) > 

Indeed, assume to the contrary that {y G By |/i(y) > /?} intersects the complement 
of rifcei^ly G o Sk{y) > 1 — ^} for each choice of < /3 < 1. As /i is a 

weakly exposing functional of x one can choose a sequence (y„) C By such that 
?/„ ^ a; as n ^ oo and y„ ^ flfcei^iy G By |/ o Sk{y) > 1 - ^} for each n G N. 
On the other hand, HfeeL iv ^ By |/ o S'fe(j/) > 1 — ^} is a w-open neighbourhood 
of X as Lm is finite, so that this provides a contradiction. Without loss of generality 
we may above assume that pm ^ 1 as to ^ oo (though this is necessarily the case 
anyway) . 

Claim: For each / G N there is a finite subset Ki C N such that the following 
conditions hold: 

(5.16) dist(6,conv({r„(x)|n G Ki})) < y 

(5.17) KTn^ib)) > 1 - y for n G /f; 
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Indeed, since limt_>i- (f)t = 1 one may select a sequence (ti) C (0, 1) such that 
^t, > 1 - j for each ^ e N. By (jgH]) we obtain 

b e conv({r„(x)|n G N satisfies 6*(r„(x)) > t/}) 

for each I € N. Thus we may select for each Z e N a finite set Ki C {n € 
N|6*(r„(x)) > U} such that dist(6, conv({T„(x)|n e Ki})) < j. By the defini- 
tions of Ki, (j)t and {ti) it holds that 

inf {h{T-Hb))\n e ifj > inf {h{T-^{b))\n satisfies fe*(r„(a;)) > t;} = 0t, > 1 - j 

for each / G N. The claim is complete. 

Since /?m < 1 for m e N, we may fix Im G N such that /3m < 1 — j^- From the 
definition of the sequences {Im), {Ki) and (/3m) we have 

{r-i(5)|n G Ki^} C C C fl 5^o5„i-i C By. 

With these notations we have that for all m G N 

ifoSkO T-^){h) > 1 - ^ for aU k G im and n e Ki^. 
Observe that for each to G N it holds that 

(5.18) 5(6) > 1 - - for g G conv({/|y o Sk o T-^\k G L^; n G X;„J). 

TO 

Note further that 

U r„(conv({5-i (w)|fc G im})) C conv({r„ o 5j. (w)l(n, fc) G Ki^^ x Lm}), 
so that 

(5 -^g^ conv (U„eif,„ r„(conv({5^\M)|fc G Lm})) 

C conv({T„oS'-i(w)|(n,fc) G isT^ x im})- 

Since T„ and 5^ are isometrics for each n, fc G N, we obtain by applying (j5.19p and 
Lemma 12.21 that 

dist(6, conv({T„ o S^^{u)\n G Ki^^\ k G Lm})) 

< dist(6, conv(U„eA',„ T^{conY{{S^\u)\k G Lm})))) 

^' < dist(6,conv({T„(a;)|n G Ki^})) +dist(a;,conv({S'j:^(u)|fc G Lm})) 

< ^ + > as TO ^ oo, 

where the last inequality holds by (|5.16p and (|5.14p . According to (|5.20p we may 
fix convex weights {c^™^}„,fe G S^i^(jfj xL™) ^ coq{Ki^ x Lm) for each m G N such 
that 

c'-^kTnO S^\u) ^ b asm ^ oo. 

Ki^-X-Lm 

By (|ET5)) we obtain 

E ci",H/o^fcoT-i)(6)^lasTO^oo. 



Hence Lemma 12.31 can be applied. For this, recall that b was assumed to be a 
smooth point relative to Y, and note that (T„ o S'^^(m), f o Sk o T~^) G Sv x Sv* 
are Flinn pairs for all k,n gN, since (m, /) is a Flinn pair by assumption. Thus, by 
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Lemma [2?3l the operator h* ®b can by approximated in the weak operator topology 
by the finite rank operators 

Pm- E c2(/o5,or-i)®(T„o^-\u)). 

Moreover, Lemma 12.31 imphes that b is a Fhnn element in y. A similar argument 
as in Theorem 13 . 2 1 finishes the proof. □ 
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